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Abstract- -To improve the ranking method of Lee and Li [1], Cheng [2] proposed the coefficient 
of variation (CV index). Shortcomings are also found in the CV index. Cheng [2] also proposed the 
distance method to improve the ranking method of Murakami et al. However, the distance method 
is not sound either. Moreover, the CV index contradicts the distance method in ranking some fuzzy 
numbers. Therefore, to overcome the above shortcomings, we propose ranking fuzzy numbers with 
the area between the centroid point and original point. (~) 2001 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In a fuzzy environment, ranking fuzzy numbers is a very important decision making procedure. 
Since Jain [3,4] employed the concept of maximizing set to order the fuzzy numbers in 1976 
(1978), many authors have investigated various ranking methods. 
Some of these ranking methods have been compared and reviewed by Bortolan and Degani [5], 
and more recently by Chen and Hwang [6]. Other contributions in this field include: an index for 
ordering fuzzy numbers defined by Choobineh and Li [7], ranking alternatives u ing fuzzy numbers 
studied by Dias [8], automatic ranking of fuzzy numbers using artificial neural networks proposed 
by Requena et al. [9], ranking fuzzy values with satisfaction function investigated by Lee et al. [10], 
ranking and defuzzification methods based on area compensation presented by Fortemps and 
Roubens [11], and ranking alternatives with fuzzy weights using maximizing set and minimizing 
set given by Raj and Kumar [12]. However, some of these methods are computationally complex 
and difficult o implement, and others are counterintuitive and not discriminating. Furthermore, 
many of them produce different ranking outcomes for the same problem. 
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In 1988, Lee and Li [1] proposed a comparison of fuzzy numbers by considering the mean and 
dispersion (standard eviation) based on the uniform and the proportional probability distribu- 
tions. Based on this ranking method, in 1998 Cheng [2] proposed two comments: 
(1) from the concept of statistics, the standard eviation and mean value cannot be the sole 
basis for comparing two fuzzy numbers, respectively; 
(2) when higher mean value and at the same time higher spread/or lower mean value and at 
the same time lower spread, it is not easy to compare the orderings clearly. 
Therefore, Cheng [2] proposed the coefficient of variance (CV index), i.e., CV = a (standard 
error)/[# I (mean), # ~t 0, a > 0, to improve Lee and Li's ranking method [1]. In the coefficient of 
variance approach, the fuzzy number with smaller CV index is ranked higher. However, Cheng's 
CV index also contains hortcomings. 
Consider the two triangular fuzzy numbers, U1 = (0, 1,2) and U2 = (1/5, 1, 7/4), shown in 
Figure 1, from Cheng's paper [2]. By Cheng's CV index, CV(U1) -- 0.1667 and CV(U2) = 0.1018 
for uniform distribution, and CV(U1) -- 0.1 and CV(U2) = 0.061 for proportional distribution, 
where the ranking order is U1 < U2 for both. From this, we can logically infer the ranking order 
of the images of these fuzzy numbers as -U1 > -U2; that is, ( -2 , -1 ,0 )  > ( -7 /4 , -1 , -1 /5 ) .  
However, by the CV index, the ranking order remains -U1 < -U2 for both the uniform and 
proportional distributions. Therefore, the CV index has shortcomings. 
1/5 7/4 
0 1 2 
Figure 1. Triangular fuzzy numbers U1 = (0, 1, 2) and U2 = (1/5, 1, 7/4). 
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Figure 2. Triangular fuzzy numbers B1 = (1.9, 2, 2.1), and B2 -- (2.1, 3, 4). 
Figure 2 presents the two triangular fuzzy numbers, B1 = (0.9, 1, 1.1) and B2 = (1.1,2,3). 
Intuitively, the ranking order is B1 < B2. However, by the CV index, the ranking order is 
B1 > B2 for both the uniform and proportional distributions, which is unreasonable. This is 
another shortcoming of the CV index. 
To improve Murakami et al.'s method [13], Cheng [2] proposed the distance method for ranking 
fuzzy numbers; i.e., R(A) = x/~ 2 + ~2. For any two fuzzy numbers, Ai and Aj, if R(Ai) < R(Aj), 
then A~ < Aj; if R(Ai) = R(Aj), then Ai = Aj; if R(Ai) > R(Aj), then A~ > Aj. However, the 
distance method is not logically sound either. Moreover, the distance method contradicts the CV 
index in ranking some fuzzy numbers. 
Consider the three triangular fuzzy numbers, U1 = (0.2, 0.3, 0.5), U2 = (0.17, 0.32, 0.58), and 
U3 = (0.25, 0.4, 0.7) shown in Figure 3, from [2]. By Cheng's distance method, R(U1) = 0.590, 
R(U2) = 0.604, and R(U3) = 0.662, producing the ranking order U1 < U2 < U3. From this 
result, we can logically infer the ranking order of the images of these fuzzy numbers as -U1 > 
-U2 > -U3, that is ( -0.5, -0.3, -0.2)  > (-0.58,-0.32,-0.17) > (-0.7,-0.4,-0.25).  However, 
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Figure 3. Triangular fuzzy numbers U1 = (0.2,0.3,0.5), U2 = (0.17,0.32,0.58), and 
u3 = (0.25, 0.4, 0.7). 
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Figure 4. Triangular fuzzy numbers ,41 = (0.4,0.5, 1), A2 = (0.4,0.7, 1), and A3 = 
(0.4, 0.9, 1). 
by distance method, the ranking order remains -U1 < -U2 < -U3. Obviously, the distance 
method also has shortcomings. 
Figure 4 presents the three triangular fuzzy numbers, A1 = (0.4, 0.5, 1), A2 = (0.4, 0.7, 1) and 
A3 = (0.4,0.9, 1), from [2]. By the CV index, the ranking order is A1 < A3 < A2 for both the 
uniform and proportional distributions. However, by the distance method, the ranking order is 
A1 < A2 < A3. Therefore, Cheng's CV index and distance method do not consistently rank 
these fuzzy numbers. 
To overcome the above-mentioned problems, we propose ranking fuzzy numbers with an area 
between the centroid and original points, i.e., S(A)  = ~,  where ~ and ~ are the geometric enter 
of fuzzy number A. The larger the area S(A) ,  the larger the fuzzy number A. 
The rest of this work is organized as follows. Section 2 briefly introduces the fuzzy numbers. 
Section 3 introduces ranking fuzzy numbers with the area between the centroid point and orig- 
inal point. Comparative xamples are presented in Section 4 to illustrate the advantage of the 
proposed method, and conclusions are made in Section 5. 
2. FUZZY NUMBERS 
The concept of fuzzy number can be defined as follows [14]. 
DEFINITION 1. A real fuzzy number A is described as any fuzzy subset of the real line R with 
membership function f A which processes the following properties: 
(a) fA  is a continuous mapping from R to the dosed interval [0, w], 0 <_ w <_ 1; 
(b) fA(Z) = O, for all z E (--oo, a]; 
(c) fA  is str ict ly increasing o12 [a, b]; 
(d) fA(X) = W, for all x e [b,c], where w is a constant and 0 < w < 1; 
(e) fA  is str ict ly decreasing on [c, d]; 
(f) fA (x )  = 0, for all x e (d, oo], 
where a, b, c, and d are real numbers. We may let a = -c¢ ,  or a = b, or b = c, or c = d, or 
d= +oo. 
Unless elsewhere specified, it is assumed that A is convex and bounded; i.e., -c¢  < a, d < oo. 
If w = 1 in (d), A is a normal fuzzy number, and if 0 < w < 1 in (d), A is a nonnormal fuzzy 
number. For convenience, the fuzzy number in Definition 1 can be denoted by A = (a, b, c, d; w). 
The image (opposite) of A = (a, b, c, d; w) can be given by -A  = (-d,  -c,  -b, -a ;  w) (see [15,16]). 
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The membership function fA of A can be expressed as 
{ /~(~), W, fA(X) ---- fAR(X), 
O, 
a<x<b,  
b<x<c,  
c<x<d,  
otherwise, 
(i) 
where fL :  [a, b] ~ [0, w] and fAR: [c, d] ~ [0, w]. 
Since fAL: [a, b] --* [0, w] is continuous and strictly increasing, the inverse function of fL exists. 
Similarly, since fAR : [c, d] --* [0, w] is continuous and strictly decreasing, the inverse function of fA R 
also exists. The inverse functions of fL and fA R can be denoted by gL and gR, respectively. Since 
fL : [a, b] --* [0, w] is continuous and strictly increasing, gL : [0, W] --* [a, b] is also continuous 
and strictly increasing. Similarly, since fA R : [c, d] --* [0, w] is continuous and strictly decreasing, 
gAR: [0, w] ~ [c, d] is also continuous and strictly increasing, gL and gR are continuous on [0, w]; 
w w R they are integrable on [0,w]. That is, both fo gL dy and fo gA dy exist [17]. 
3. RANKING FUZZY NUMBERS WITH AN AREA BETWEEN 
THE CENTROID POINT  AND ORIGINAL POINT  
This section proposes a novel ranking method with an area between the centroid and original 
points of a fuzzy number. The centroid point of a fuzzy number corresponds to an ~ value on the 
horizontal axis and a ~ value on the vertical axis. The centroid point (~, Y) for a fuzzy number A 
in Definition 1 is defined as [2,13] 
• (A) = I~ (xs~) dx + l :  ~d~ + f~ (xsAR) dx (2) 
S: (sD d~ + f :  dx + S/(sAR) d~ ' 
~(A) = So (~g~) dy +/o (yg~) dy (3) 
/0 (g~) dy + IT (g~) d~ ' 
where fL and fAR are the left and right membership functions of fuzzy number A, respectively. 
gL and gA R are the inverse functions of f i  and fA R, respectively. 
The area between the centroid point (~, ~) and original point (0, 0) of the fuzzy number A is 
then defined as 
S(A) = ~,  (4) 
where • and ~ are the centroid points of fuzzy number A. 
Here, the area S(A) is used to rank fuzzy numbers. The larger the area S(A), the larger the 
fuzzy number. Therefore, for any two fuzzy numbers A~ and Aj, if S(A~) > S(Aj), then Ai > Aj. 
If S(A~) = S(Aj), then A~ = Aj. Finally, if S(A~) < S(Aj), then A~ < Aj. 
4. COMPARATIVE  EXAMPLES 
In this section, all the numerical examples (Figures 1, 3-5) of Cheng's paper, one self-designed 
numerical example (Figure 2), and one numerical example (Figure 6) from Liou and Wang's 
paper [17] are displayed to illustrate the validity and advantage of the proposed ranking method. 
The two triangular fuzzy numbers, U1 = (0, 1, 2) and U2 -- (1/5, 1, 7/4) shown in Figure 1 
are also ranked by our method. S(U1) = ~lYl = 1 x 0.5 = 0.5 and S(U2) - - - -  x2y2 = 0.9833 x 
0.502 = 0.4936. Obviously, the ranking order is U1 > U2 (notably, by Cheng's CV index, the 
ranking order is U1 < 0"2). The images of these two fuzzy numbers are -U1 -- ( -2,  -1,  0) and 
-U2 = ( -7 /4 , -1 , -1 /5 ) ,  respectively. By our method, S(-U1) = ~1z]1 = -1  × 0.5 = -0.5 and 
S(-U2) -- x2~2 = -0.9833 × 0.502 = -0.4936, producing the ranking order -0-1 < -U2. Clearly, 
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our method can overcome the shortcomings of the inconsistency of Cheng's CV index in ranking 
fuzzy numbers and their images. 
The two triangular fuzzy numbers, B1 = (1.9, 2, 2.1) and B2 = (2.1, 3, 4), shown in Figure 2 
are also ranked by the proposed method. Intuitively, the ranking order is B1 < B2. But, by 
Cheng's CV index, CV(B1) = 0.000834 and CV(B2) = 0.0636 for uniform distribution, and 
CV(B1) = 0.0005 and CV(B2) = 0.0299 for proportional distribution. The ranking order is B1 > 
B2 for both, a result which is unreasonable. By our method, S(BI) = x1~31 = 2.00 x 0.5 = 1.00, 
S(B2) -- x2Y2 -- 3.033 x 0.4986 = 1.512, obtaining the ranking order B1 < B2. Again, our 
method can overcome the shortcomings of Cheng's CV index. 
The three triangular fuzzy numbers, U1 = (0.2,0.3,0.5), U2 = (0.17,0.32,0.58), and U3 = 
(0.25, 0.4, 0.7) shown in Figure 3 are also ranked by the proposed method. S(U1) = £ 1 ffl = 0.333 x 
0.4872 = 0.162, S(U2) = £2Y2 = 0.357 x 0.4868 = 0.174 and S(U3) = ~:3Y3 ---- 0.450 x 0.4857 = 
0.219, producing the ranking order U1 < U2 < U3. The images of the three fuzzy numbers 
are -U  1 = (--0.5,--0.3,--0.2), -U2 -- (-0.58,-0.32,-0.17), and -U  3 ---~ ( - -0 .7 , -0 .4 , -0 .25) ,  
respectively. By the proposed method, S( -U1)  = -0.162, S(-U2) -- -0.174, and S(-U3) -- 
-0.219, obtaining the ranking order -U1 > -U2 > -U3. Clearly, our method has consistency in
ranking fuzzy numbers and their images. 
Consider the three triangular fuzzy numbers, A1 = (0.4, 0.5, 1), A2 = (0.4, 0.7, 1), and A3 = 
(0.4, 0.9, 1) shown in Figure 4 from [2]. 
By Cheng's CV index, CV(A1) = 0.0272, CV(A2) = 0.0214, and CV(A3) = 0.0224 for uniform 
distribution, and CV(A1) = 0.0183, CV(A2) = 0.0129, and CV(A3) = 0.01375 for proportion dis- 
tribution. For both the uniform and proportional distributions, the ranking order is A1 < A3 < A2. 
However, by Cheng's distance method, R(A1)  = 0.790, R(A2)  = 0.860, and R(A3) = 0.927. The 
ranking order is A1 < A2 < A3. Cheng's CV index and his distance method cannot consis- 
tently rank these fuzzy numbers. By our method, S(A1)  = ~1~1 = 0.633 x 0.472 = 0.299, 
S(As)  = x2Y2 = 0.7 x 0.5 = 0.35, and S(A3) = ~3~3 = 0.767 x 0.521 = 0.4, producing the 
ranking order A1 < As < A3. Meanwhile, the areas of the images of these fuzzy numbers 
are S(-A1) = -0.299, S(-A2) = -0.35, and S(-A3) = -0.4, obtaining the ranking order 
-A1 > -As  > -A3. Obviously, our method can effectively rank fuzzy numbers and their im- 
ages. 
Further consider the two triangular fuzzy numbers, A1 = (3, 5, 7; 1), As -- (3, 5, 7; 0.8), and the 
three trapezoidal fuzzy numbers, B1 = (5, 7, 9, 10; 1), B2 = (6, 7, 9, 10; 0.6), B3 = (7, 8, 9, 10; 0.4), 
shown in Figure 5, from [2]. 
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Figure 5. Triangular fuzzy numbers A1 = (3,5,7;1) and A2 = (3,5,7;0.8), and 
trapezoidal fuzzy numbers B1 = (5,7,9,10;1), B2 = (6,7,9,10;0.6), and Ba -- 
(7, 8, 9, 10; 0.4). 
By the proposed method, S(A1) = 5 x 0.5 = 2.5, S(A2) = 5 x 0.4 = 2, S(B1)  = 7.714 × 
0.505 = 3.896, S(B2) = 8 x 0.3 = 2.4, S(B3) = 8.5 x 0.2 = 1.7, obtaining the ranking order 
B3 -- A2 < B2 < AI < B1. Clearly, the proposed method can also rank normal/nonnormal 
triangular and trapezoidal fuzzy numbers. 
Finally, consider the triangular fuzzy number, A = (1,2, 5; 1), and the general fuzzy number, 
B = [1,2, 2, 4; 1], shown in Figure 6, from paper [17]. The membership function of B is defined 
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Figure 6. The triangular fuzzy numbers A -- (1, 2, 5; 1) and the general fuzzy number 
B = [1,2,2,4; 11. 
as 
[1 - (x  - 2)2] 1/2 , 
f s (x )  = [1 1 ] 1/2 2)2 j  , L 
0, 
1<x<2,  
2<x<4,  
otherwise. 
Since fL (x)  = [1 -- (x--2)2] 1/2 and f~(x )  = [1 - (114) (x -2 )2]  1/2, we have gL(y) = 2-- (1  __y2)1/2, 
and g~(y) = 2 + 2(1 - y2)1/2, y E [0, 1]. 
By Liou and Wang's  ranking method,  the total  integral value of A is I~(A) = 1.5 + 2a,  and 
the total  integral value of B is I~(B)  = 1.2 + 2.4a. For an opt imist ic  decision maker, with 
a = 1: A < B; for a moderate  decision maker, with a = 0.5: A > B; and for a pessimist ic 
decision maker,  with a = 0: A > B. Liou and Wang's  method produces different rankings 
for the same problem when apply ing different indices of opt imism (a).  By our method,  S(A) = 
21~1 = 2.6667 x 0.4667 = 1.2445, S(B)  = 22~)2 = 2.4244 x 0.4876 = 1.1821, obta in ing the ranking 
order A > B. Obviously, our method can also rank fuzzy numbers other than t r iangular  and 
trapezoidal .  Compared to the method of Liou and Wang, our method produces a simpler ranking 
result. 
5.  CONCLUSIONS 
Shortcomings are found in Cheng's CV index and distance method for ranking fuzzy numbers.  
To overcome those shortcomings, we proposed a novel ranking method with the area between 
the centroid point and original point of the fuzzy number. The proposed method can effectively 
rank various fuzzy numbers and their images (normal /nonnormal ,  t r iangu lar / t rapezo ida l ,  nd 
general).  Final ly, comparat ive xamples are also presented to i l lustrate the advantage of the 
proposed method.  
REFERENCES 
1. E.S. Lee and R.J. Li, Comparison of fuzzy numbers based on the probability measure of fuzzy events, 
Computers Math. Applic. 15 (10), 887-896, (1988). 
2. C.H. Cheng, A new approach for ranking fuzzy numbers by distance method, Fuzzy Sets and Systems 95, 
307-317, (1998). 
3. R. Jain, Decision-making in the presence of fuzzy variables, IEEE Trans. Systems Man and Cybernet. SMC- 
6, 698-703, (1976). 
4. R. Jain, A procedure for multi-aspect decision making using fuzzy sets, Internat. J. Systems Sci. 8, 1-7, 
(1978). 
5. G. Bortolan and R. Degani, A review of some methods for ranking fuzzy numbers, Fuzzy Sets and Systems 
15, 1-19, (1985). 
6. S.-J. Chen and C.-L. Hwang, Fuzzy Multzple Attribute Decision Making, Springer-Verlag, Berlin, (1992). 
7. F. Choobineh and H. Li, An index for ordering fuzzy numbers, Fuzzy Sets and Systems 54, 287-294, (1993). 
8. O. Dias, Ranking alternatives u ing fuzzy numbers: A computational pproach, Fuzzy Sets and Systems 56, 
247-252, (1993). 
9. I. Requena, M. Delgado and J.I. Verdegay, Automatic ranking of fuzzy numbers with the criterion of decision- 
maker learnt by an artificial neural network, Fuzzy Sets and Systems 64, 1-19, (1994). 
10. K.-M. Lee, C.-H. Cho and H. Lee-Kwang, Ranking fuzzy values with satisfaction function, Fuzzy Sets and 
Systems 64, 295-311, (1994). 
Ranking Fuzzy Numbers 117 
11. P. Fortemps and M. Roubens, Ranking and defuzzification methods based on area compensation, Fuzzy Sets 
and Systems 82, 319-330, (1996). 
12. P.A. Raj and D.N. Kumar, Ranking alternatives with fuzzy weights using maximizing set and minimizing 
set, Fuzzy Sets and Systems 105, 365-375, (1999). 
13. S. Murakami, S. Maeda and S. Imamura, Fuzzy decision analysis on the development of centralized regional 
energy control system, IFAC Syrup. on Fuzzy Inform. Knowledge Representation and Decision Anal., 363- 
368, (1983). 
14. D. Dubois and H. Prade, Operations on fuzzy numbers, International Journal of Systems Science 9,613-626, 
(1978). 
15. A. Kauffman and M.M. Gupta, Introduction to Fuzzy Arithmetic: Theory and Application, Van Nostrand 
Reinhold, New York, (1991). 
16. L.A. Zadeh, Fuzzy sets, Information and Control 8, 338-353, (1965). 
17. T.S. Liou and M.-J.J. Wang, Ranking fuzzy numbers with integral value, Fuzzy Sets and Systems 50, 247-255, 
(1992). 
